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Abstract

In this paper, we treat problems on formal set theoretical limitations in describing the
human society. We see that a description of the society, at least as a set of sentences
that are valid for descriptions of the society in a certain formal language, cannot be se-
mantically (introspectively) consistent as long as we require it to be logically consistent.
In other words, we cannot assure the rightness on the validity for descriptions of the
society itself except for believing it. The result may also be considered as a rigorous
mathematical investigation for a problematic feature in the logical positivism.
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1. INTRODUCTION

In this paper, and the preceding paper of the author, Urai (2002), we see a formal set theoretical
limitation in describing the human society as a rigorous mathematical object. The result in the previous
paper was that there is no satisfactory way to formalize the human society as long as we identify it with
the whole of ‘rational’ individuals. The purpose of this paper is to show that the problem may not vanish
even when we look for a structure which may not necessarily have such a micro foundation.

A description of the society that has no micro foundations needs other types of verifications for the
validity of the description itself. Indeed, it is a fundamental feature of the logical positivism to consider
the world (the society) as the whole of logical sentences that may or may not hold, and the purpose of
social science, (if it may be called as a science,) is to find assertions that are true (or at least may be called
as adequate) for a description of the society. If we require such verifications for the validity, however, there
always exists the problem on the introspective (semantical) and logical consistency as is the case with
structures for rational individuals. That is, such a social validity cannot be introspectively (semantically)
consistent as long as we require it to be logically consistent.

Let us denote here by P(x) the assertion in a certain formal language, .%, meaning that “the society
is such that the assertion x holds.” Suppose that the language, .Z, may be treated as a list of objects in
a certain theory of sets, %, which is also written by the language, .%.! Hence, we may deal with each
formula, 6, in 2 as a set theoretical object, "07, in 4. Moreover, assume that the formula, P(x), in one
free variable, z, is a set theoretically well defined property (i.e., we may also identify P(z) as a formula
in #,) or (if # is a sufficiently strong theory) an structural object in Z. Then, under several natural
conditions, we have the following results:

(1) There always exists a formula, 6, that is set theoretically valid (£  6) but is socially invalid
(#+—-P("67)). (Theorem 1.)

(2) Especially, we cannot verify the semantical (introspective) consistency of the description, P(x),
itself. (Theorem 2.)

(3) We cannot define (formally describe) the society as long as we require it to be logically and
semantically consistent. (Theorem 3.)

These arguments may also be restated as follows: if we identify the description of the society with deciding
what is valid in the society, then the social validity (a value judgement in the society) is always restrictive
in the sense that we are not allowed to ask what the society exactly is (as long as we require it to be
logically and semantically consistent). Of course, the result may also be interpreted as a general statement
on various social values, i.e., we cannot completely describe social norms, justice, and/or validities as well
defined structures (mechanisms) as long as we require it to be logically and semantically consistent.
These results are closely related to the arguments in Urai (2002) in which it is the logically consistent
rationality of individuals that makes description of the society introspectively inconsistent. In this paper,
it is the logically consistent values in the society that makes verification of the society introspectively
inconsistent. It can be said that though the truth and/or rationality in our society are determined by

ourselves, no single mind is allowed to control or even define them.

1 This is the same setting as in the preceding paper, except that .2 and & are not private but public
language and theory, respectively. For mathematical concepts in this paper, see Kunen (1980), Jech (1997),
and Fraenkel, Bar-Hillel, and Levy (1973). I am convinced in that the linguistic definitions and approaches
throughout this paper are so common in classical arguments in the philosophical analysis that it is not
appropriate to refer to merely a few of such authors. On the standpoint of our notions of rationality and
truth, however, I have obtained much from the work of H. Putnam (1983) and G. Lakoff (1987).
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2. THE SOCIETY

Throughout this paper, we assume that all mathematical arguments and theorems are supposed to be
given in a certain formal set theory, 4 = (Lp, Rp,Tg), where Lp is the list of symbols, Rp is the list of
syntactical rules, and T’g is the list of axioms. Moreover, it is also assumed that in describing the society,
a language, .= (L, R, T), is used, where L (the list of symbols), R (the list of syntactical rules), and T'
(the list of axioms) are sufficient for developing the theory 4. More precisely, we assume the following:

(B.1) Every symbols, terms, formulas, inference rules, and logical (non-mathematical) axioms in 4 are
also in Z.

Moreover, we assume that .2 is formalized under #. More precisely:

(B.2) # describes £ in the following sense: (i) Each member of list L is a set in theory #. (ii) List R;
consists of formulas in theory #. Especially, there are formulas in one free variable, Term(z),
Form(x), Form!(x), Neg(z,y) and Sbst(z,y, z) describing, respectively, “z is a terms of .%,”

“r is a formula of Z,” “z is a formula in one free variable,” *

x is a negation of y,” and “y is
a formula in one free variable, and z is the formula obtained by substituting a term z into y.”
Every inference rule, as a relation among formulas in .Z, is also written in the language of 4.

(iii) Aziom(z) which defines formulas of .2 belonging to list 7" is also a formula in Z.

Assumption (B.2) enables us to treat each assertion 6 in .Z as a set theoretical object "6 in theory
2. Since every terms and formulas in & is also in £ by (B.1), through theory %, language % may be
formalized in & itself.

In this paper, we assume that the concept of the society is given in a logical formula, P("07), in one
free variable 707, in &, maintaining that “the assertion 6 in .2 is valid as a description for the society.”
That is, we identify the problem, “what is the society” with the problem “which assertion holds in the
society.” Hence, if there is a complete description of the society, we may obtain all the relevant assertions
on what the society is, what we are in the society, and what we should do in the society. We suppose
that such a structure of the society, i.e., the meanings of P, is given in the underlying theory of sets, #.
Formally:

(B.3) There is a formula, P(z), in one free variable z in the theory of sets, 4, asserting that “z =07
for a certain assertion 6 in .Z which is valid for a description of the society.”

Of course, by (B.1), every formula in 4 is also in .%, so that the formula P(z) is in .% as well as in %.2
The “validity” stated in the above will be discussed axiomatically in the next section. Assumption (B.3)
at least maintains, however, the standpoint that we identify the world with the whole of valid logical
formulas whatever the meaning of the validity is.> Hence, in this sense, we identify the society with the
whole of values in the society.

2 Indeed, as in the preceding paper of the author, Urai (2002), such a formula is more appropriate to
be regarded as a formula in 2 than & even if it is written in 4. It is the “meaning” of P that is given in

the theory %, so that the formula P itself is more natural to be considered as a formula in .Z.
3 Or, at least, we are considering that a complete description of the society should decide (in the sense

of #) a set of logical formulas that are valid view of the society.
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3. THE SOCIAL VALIDITY AND MATHEMATICAL TRUTH

As stated in the previous section, we are considering in assumption (B.3) that to define the society is
nothing but to decide what the valid descriptions for the society are, hence, is nothing but to decide what
the walidity in the society is. That is, we are considering that all values in the society are closely related
to the description of the society itself.* Hence, the problem on P we have seen in the following of this
paper is nothing but a problem on the (formally and mechanically defined) values in the society.

As a mechanism which defines the validity in the society, it will be natural for us to expect P having
the following properties.®

(C.1) (Logical Cousistency) Form("07) — (P("0") — —P("=07)).
(C.2) (Semantical Consistency) Form("07) — (P("07) — P("P("60™)™))

(C3) If B (y=z), then BF P(y) < P(z).

(C.4) If Bt o — 1, then BF P(Tp™) — P(Ty7).

(C.5) BF Form("0™) — (P("P("6")™) — P("07)).

In the following, we see that if we use (C.1)—(C.3) as defined characters on P, we may obtain a

mathematical (set theoretical) truth that cannot be valid in the society.

THEOREM 1. Under (B.1)-(B.3) and (C.1)-(C.3), there is a sentence 3 such that # F 1 and
B =P).

PROOF. Let 6 be a formula in one free variable in &, ¢("6") be the formula P("=6("6")™), and @ be
the formula ¢("¢"). Then,

BETQ = '_P('_—|Q—‘)7’ (1)
BET-Q1 = F_‘P(F_|Q'I)1. (2)

Since, by (C.2), Z+ P("—Q") — P("P("—Q™)"), we have by equation (1) together with (C.3),

#-P(-Q7) — P(CQ). 3)
Therefore, by (C.1),
A -P("=Q7). (4)
By substituting (2) to (4), we have
A= —P(T=P(T-Q7)T). ()
Let 9 be the formula =P("=Q"). Then, by (4) and (5), 1 satisfies all the necessary conditions. |

The mathematical truth which cannot be socially valid in the above theorem may be a statement
which does not have any serious meanings in view of social science. There seems to exist, however, an
important kind of such assertions with respect to the structure of P itself. As in the preceding paper
(Urai (2002)), denote condition (C.1) and (C.2) by CONS and COMP, respectively. If we assume (C.3)
and (C.4) together with (B.1), (B.2), and (B.3), we see that such assertions as CONS and COMP may
not be socially valid.

4 The results in this paper, however, holds even if there is no relation between such a validity and a
description of the society. In such cases, the results may be considered as criticism for such a concept of
“validity,” i.e., for the logical positivism.

> Note that the following assumptions are written in the form of theorems ((C.1),(C.2),(C.5)) or
metatheorems on theorems ((C.3),(C.4)) in #. The symbol - in (C.3)-(C.5) denotes that the right
hand side is a theorem under the development of the theory denoted by an expression at the left hand
side.



THEOREM 2. Suppose that (B.1)—(B.3), (C.3), and (C.4) hold.

(a) Assume COMP, then B+ CONS — -P("CONS").
(b) Assume CONS, then Z+ COMP — -P("COMP").
(¢) Assume CONS, then #+ -COMP.

(d) Assume COMP and (C.5), then ZF -CONS.

PROOF. Let @ be the same formula as is defined in the proof of Theorem 1. Note that (1) and (2) are
also true under the setting of Theorem 2. Since Z+ (COMPAP("=Q™)) — P("P("-Q™)™), by equation
(1) together with (C.3), we have

B (COMPAP(T=QM) — P("QM). (6)
Therefore,
B (CONSANCOMP) — —=P("=Q"). (7)
Then, by (C.4),
BEPTCONSACOMP™) — P("=P("=-QM™). (8)
By substituting (2) to (8),
B+ P("CONSANCOMP™) — P("=Q"). (9)

Hence, by (7) and (9), we can see that CONSACOMP in (7) and P("TCONS A COMP™) in (9) cannot
hold simultaneously. We obtain assertion (a) and (b), respectively, by deleting conditions COM P and
CON S in the above argument. By (b) and (C.4), we have

B+ P("TCOMP™) — P("=-P(COMP)™). (10)
Moreover, by CON S, we also have
B+ P("T-P(COMP)") — -P("P("COMP™MM). (11)

Hence, by (10) and (11),
BEPCCOMPY) — -P("P(TCOMPM)Y). (12)

Hence, assertion (c) holds. By applying (C.4) twice on (a),

#EPCTP"CONS™) — P("P("=P("CONSTH™MM). (13)

Moreover, by (C.5),
P("P("-P("CONSHM™) — P("-P("CONSM). (14)
By (13) and (14), we have assertion (d). [ |

Lastly, we see the inconsistency of all properties (B.1)—(B.3) and (C.1)—(C.5) together with the un-
derlying theory of sets, # as in the preceding paper. It may also possible to understand the theorem as
an undefinability theorem of the concept “social validity” .

THEOREM 3. Under (B.1)~(B.3) and (C.1)-(C.5), the theory # is contradictory.

PROOF. In this case, & proves CANS AN COM P by assumptions as well as ~-CONS A -COM P by
Theorem 2, (c¢) and (d). Hence, we have a contradiction. |
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If we change (B.3) so that it asserts the property of P in (B.3) without maintaining the existence of
P, the above theorem maintains that there is no possibility for defining a concept of the social validity
satisfying (C.1)—(C.5), i.e., we obtain an undefinability theorem of the truth, justice and/or a ‘complete’
social validity.

(Graduate School of Economics, Osaka University, Japan)
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